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Local Galois representations of Swan conductor one 


Naoki Imai and Takahiro Tsushima 


Abstract 

We construct the local Galois representations over the complex field whose Swan 
conductors are one by using etale cohomology of Artin-Schreier sheaves on affine lines 
over finite fields. Then, we study the Galois representations, and give an explicit 
description of the local Langlands correspondences for simple supercuspidal represen¬ 
tations. We discuss also a more natural realization of the Galois representations in 
the etale cohomology of Artin-Schreier varieties. 


Introduction 

Let K he a. non-archimedean local field. Let tt, be a positive integer. The existence of the 
local Langlands correspondence for GLn{K), proved in |LRS93] and |HTni] . is one of the 
fundamental results in the Langlands program. However, even in this fundamental case, 
an explicit construction of the local Langlands correspondence has not yet been obtained. 
One of the most striking results in this direction is Bushnell-Henniart’s result for essentially 
tame representations in jBHOSaj . jBHOSbj and |BH10] . On the other hand, we don’t know 
much about the explicit construction outside essentially tame representations. 

We discuss this problem for representations of Swan conductor 1. The irreducible su¬ 
percuspidal representations of GLn{K) of Swan conductor 1 are equivalent to the simple 
supercuspidal representations in the sense of [ALlGj (c/. |RY14j i. Such representations are 
called “epipelagic” in |BH14j . 

Let p be the characteristic of the residue held k of K. If n is prime to p, the simple 
supercuspidal representations of GLn{K) are essentially tame. Hence, this case is covered 
by Bushnell-Henniart’s work. See also |AL16] . It is discussed in |KaH5] to generalize the 
construction of the local Langlands correspondence for essentailly tame epipelagic repre¬ 
sentations to other reductive groups. 

In this paper, we consider the case where p divides n. In this case, the the simple super¬ 
cuspidal representations of GLn{K) are not essentially tame. Moreover, if n is a power of 
p, the irreducible representations of the Weil group Wk of Swan conductor 1, which corre¬ 
spond to the simple supercuspidal representations via the local Langlands correspondence, 
can not be induced from any proper subgroups. Such representations are called primitive 
(cf. |Koc77j i. For simple supercuspidal representations, we have a simple characterization 
of the local Langlands correspondence given in |BH14] . Actually, based on the character¬ 
ization, Bushnell-Henniart study the restriction to the wild inertia subgroup of Langlands 
parameter for the simple supercuspidal representations. It gives a description of the local 
Langlands correspondence for the simple supercuspidal representations up to some charac¬ 
ter twists. On the other hand, the construction of the irreducible representations of Wk of 
Swan conductor 1 is a non-trivial problem. What we will do in this paper is 
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• to construct the irreducible representations of Wk of Swan conductor 1 without ap¬ 
pealing to the existence of the local Langlands correspondence, and 

• to give a description of the local Langlands correspondence for the simple supercus- 
pidal representations without character twists ambiguity. 

Let £ be a prime number different from p. For the construction of the irreducible represen¬ 
tations of Wk of Swan conductor 1, we use etale cohomology of an Artin-Schreier £-adic 
sheaf on A^ac, where is an algebraic closure of k. It will be possible to avoid usage of 
geometry in the construction of the irreducible representations of Wk of Swan conductor 
1. However, we prefer this approach, because 

• we can use geometric tools such as the Lefschetz trace formula and the product 
formula of Deligne-Laumon to study the constructed representations, and 

• the construction works also for Aadic integral coefficients and mod i coefficients. 

A description of the local Langlands correspondence for the simple supercuspidal represen¬ 
tations is discussed in |IT12j in the special case where n = p = 2. Even in the special case, 
our method in this paper is totally different from that in |IT12j . 

We explain the main result. We write n = p^n', where n' is prime to p. We fix a 
uniformizer w oi K and an isomorphism l: ~ C. 

Let be the Artin-Schreier Q^-sheaf on associated to a non-trivial character -0 of 
Fp. Let vr: A^ac —)■ A^ac be the morphism defined by 7r(|/) = Let C ^ where 

q = \k\. We put = K[X]/(X^ — Then we can define a natural action of We^ 

on H^iAl^c ,7i*C^). Using this action, we can associate a primitive representation Tnx,x,c 
of We^ to C E pq-i{K), a character x of k^ and c G C^. We construct an irreducible 
representation of Swan conductor 1 as the induction of Tnx,x,c to Wk- 

We can associate a simple supercuspidal representation 7i(^^x,c of GLn{K) to the same 
triple (C, X, c) by the type theory. Any simple supercuspidal representation can be written 
in this form uniquely. 

Theorem. The representations t^,x,c and vr^,x,c correspond via the local Langlands corre¬ 
spondence. 

In Section [H we recall a general fact on representations of a semi-direct product of a 
Heisenberg group with a cyclic group. In Section [2], we give a construction of the irreducible 
representations of Wk of Swan conductor 1. To construct a representation of Wk which 
naturally fits a description of the local Langlands correspondence, we need a subtle character 
twist. Such a twist appears also in essentially tame case, which is called a rectifier. Our 
twist can be considered as an analogue of the rectifier. We construct the representations 
of Wk using geometry, but we give also a representation theoretic characterization of the 
constructed representations. In Section [31 we give a construction of the simple supercuspidal 
representations of GLn{K) using the type theory. 

In Section 01 we state the main theorem and recall a characterization of the local 
Langlands correspondence for simple supercuspidal representations given in |BH14] . The 
characterization consists of the three coincidences of (i) the determinant and the central 
character, (ii) the rehned Swan conductors, and (hi) the epsilon factors. 

In Section [31 we recall facts on Stiefel-Whitney classes, multiplicative discriminants 
and additive discriminants. We use these facts to calculate Langlands constants of wildly 
ramified extensions. In Section [6l we recall the product formula of Deligne-Laumon. In 
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Section [TJ we show the coincidence of the determinant and the central character using the 
product formula of Deligne-Laumon. 

In Section [HI we construct a held extension of E(^ such that the restriction of 
to Wt^ is an induction of a character and p\ [T“ : E(^], which we call an imprimitive held. 
In Section [9l we show the coincidence of the rehned Swan conductors. We see also that the 
constructed representations of Wk are actually simple epeipelagic. 

In Section [TUI we show the coincidence of the epsilon factors. It is difficult to calculate 
the epsilon factors of irreducible representations of Wk of Swan conductor 1 directly, be¬ 
cause primitive representations are involved. However, we know the equality of the epsilon 
factors up to p®-th roots of unity if n = p®, since we have already checked the conditions (i) 
and (ii) in the characterization. Using this fact and p f [T^ : , the problem is reduced 

to study an epsilon factor of a character. Next we reduce the problem to the case where 
the characteristic of iT is p and k = Fp. At this stage, it is possible to calculate the epsilon 
factor if p 7 ^ 2. However, it is still difficult if p = 2, because the direct calculation of the 
epsilon factor involves an explicit study of the Artin reciprocity map for a wildly ramihed 
extension with a non-trivial ramihcation hltration. This is a special phenomenon in the 
case where p = 2. We will avoid this difficulty by reducing the problem to the case where 
e = 1. In this case, we have already known the equality up to sign. Hence, it suffices to 
show the equality of non-zero real parts. This is easy, because the difficult study of the 
Artin reciprocity map involves only the imaginary part of the equality. 

In Appendix [3 we discuss a construction of irreducible representations of Wk of Swan 
conductor 1 in the cohomology of Artin-Schreier varieties. This geometric construction 
incorporates a twist by a “rectiher”. We see that the “rectiher” parts come from the 
cohomology of Artin-Schreier varieties associated to quadratic forms. The Artin-Schreier 
varieties which we use have origins in a study of Lubin-Tate spaces in |IT16] . 

Notation 

For a hnite abelian group A, let A'^ denote the character group Hom 2 (A,C^). For a 
non-archimedean local held K, let 

• Ok denote the ring of integers of K, 

• pK denote the maxmal ideal of Ok, 

• vk denote the normalized valuation of K which sends a uniformizer of iF to 1, 

• ch.K denote the characteristic of K, 

• Gk denote the absolute Galois group of K, 

• Wk denote the Weil group of K, 

and we put Uk = 1 + for any positive integer m. 

1 Representations of finite groups 

First, we recall a fact on representations of Heisenberg groups. Let G be a hnite group 
with center Z. We assume the following: 

(i) The group GjZ is an elementary abelian p-group. 
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(ii) For any g E G\Z, the map Cg-. G ^ Z; g' ^ [9^9'] is surjective. 

Remark 1.1. The map Cg in (ii) is a group homomorphism. Hence, Z is automatically an 
elementary abelian p-group. 

Let "0 G be a non-trivial character. 

Proposition 1.2. (WFStA (8.3.3) Proposition]) There is a unigue irreducible representa¬ 
tion of G such that pp\z contains i). Moreover, we have (dimp.^)^ = [G ■. Z]. 

Next, we consider representations of a semi-direct product of a Heisenberg group with a 
cyclic group. Let A C Aut(G') be a cyclic subgroup of order where e = (logp[G' : Z])/2. 
We assume the following: 

(iii) The group A act on Z trivially. 

(iv) For any non-trivial element a E A, the action of a on G/Z hxes only the unit element. 

We consider the semi-direct product A\x G hy the action of A on G. 

Lemma 1.3. There is a unigue irreducible representation p'.^ of At< G such that p'^\g — Pp 
and trp'^(a) = —1 for every non-trivial element a E A. 

Proof. The claim is proved in the proof of |BHn6[ 22.2 Lemma] if Z is cyclic and ip is n 
faithful character. In fact, the same proof works also in our case. □ 


2 Galois representations 

2.1 Swan conductor 

Let A be a non-archimedean local held with residue held k. Let p be the characteristic of 
k. Let / be the extension degree of k over ¥p. We put q = p^. 

We dehne ipo E by V’o(l) = We take an additive character fjx'- K ^ 

such that 'ipK^x) = V’o(Trfc/Fj,(a;)) for x E Ok- 

Let r be a hnite dimensional irreducible continuous representation of Wk over C. Let 
e(r, s, fjx) denote the Deligne-Langlands local constant of r with respect to fjK- We simply 
write eiT^fjK) for e(r, 1/2,xPk)- By |BH061 29.4 Proposition], there exists an integer sw(r) 
such that 

e(r, s, i/k) = 0, i/k)- 

We put Sw(r) = max{sw(r), 0}, which we call the Swan conductor of r. 


2.2 Construction 


We hx an algebraic closure of K. Let k^ be the residue held of Let n be a positive 
integer. We write n = p'^n' with {p,n') = 1. Throughout this paper, we assume that e > 1. 
Let 


Q = \g{a,b,c) aE pp.+i{k^^), b,cEk^p IP +6 = 0, cF-c + lf+^ = 0 


be the group whose multiplication is given by 


e—1 


g{ai, bi, Cl) ■ g{a2, 62, C2) = gi 0102,61 + 0162, ci + C2 + J 2 {aXb 2 y 


i=0 
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Note that \Q\ = p 2 e+i^pe _|_ Q x ^ be a semidirect product, where m G Z acts on Q 

by g{a, b, c) ^ g{aP ,IP ^cP ™’). We put 

Fr(m) = (( 7 ( 1 , 0, 0), m) 

for m ^'L. 

Let C be the smooth affine curve over dehned by 

— x = in A^ac 

We define a right action of Q x Z on C by 

(x,|/)(^(a, 6 ,c), 0 ) = (x + ^{by)P^ + c,a{y + bP")\ 

^ i=0 ' 

(a:,?/)Fr(l) = 

We consider the morphisms 

h : A^ac ^ A^ac; x ^ x^ — x, 
tt: Afcac ^ Afcac; y ^ 


Then we have the hber product 


C 


h' 


A 


1 

fcac 


□ 


TT 


Al _ 


■ A^ 


where tt' and h' are the natural projections to the first and second coordinates respectively. 
Let g = {g{a,b,c),m) G Q x Z. We consider the morphism go: A^ac —>■ ^i^c]y [a{y + 

b^ )) . Let £ be a prime number different from p. Then we have a natural isomorphism 


Cg- goKQe —)■ Kg*Qe KQe- 

We take an isomorphism l: ~ C. We sometimes view a character over C as a character 

over by l. Let -0 G F^. We write C.^ for the Artin-Schreier Q^-sheaf on associated 
to "0, which is equal to 5^('0) in the notation of jDel77t Sommes trig. 1.8 (i)]. Then we have 
a decomposition h^Qi = 0 . 0 g]Fv This decomposition gives a canonical isomorphism 

KQi = 7r*hMi = 0 (2.1) 

ysFv 

The isomorphisms Cg and fl2.ip induces Cg^^: g^n *—)■ 7r*C^. We define a left action of 
Q XI Z on i7^^(A^ac, 7i*C^) by 


for (7 G Q X Z. Let be the representation of Q x Z over C defined by 77^ (A^ac, 'k*C^) and 
i. For X G ypBj^i{k^^y ^ let /C^ be the smooth Kummer Q^-sheaf on associated to y. 

Lemma 2.1. We have a natural isomorphism 

77^^(A^ac, 7r*£^) ~ HyGra,k^, <8 /C^). 
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Proof. By the projection formula, we have natural isomorphisms 


7r*7r*£^ ^ tt^Q^ ~ ^ ® K,^ (2.2) 

Xe/ipe+i(A:a.c)v 

on • We have the exact sequence 

0 —>■ —)■ —>■ , 71* C^) 0, (2-3) 

where {0} denotes the origin of A^ac The claim follows from fl2.2p and fl2.3p . because we 
have a natural isomorphism if°({ 0 },Q£) ~ □ 

Let g: fi 2 {k) ^ be the non-trivial group homomorphism, if p 7 ^ 2. We define a 
character xo G /^p<=+i(fc^'^)^ by 


Xo(a) 


p(a*^A+i)/ 2 ^ if p 7 ^ 2 , 

1 if p = 2 


for a G . For an integer m and a positive odd integer m', let (^) denote the 

Jacobi symbol. We define a representation of Q x Z as the twist of by the character 


_P+3 


(3 >, Z ^ C"; (g{a,b,c),m) ^ i 

{(- 1 ) 8 p 2 | 


ifp^ 2 , 
if p = 2 . 


(2.4) 


p'"' = (w and set = iF((p'^). We choose elements a^, and 7 ^ such that 


Let (C,X)C) G pg_i(iF) X x C^. We choose an element G such that 


ttf= -p'c, i^r +/^c = -«c 


-1 


_ flA +1 


(2.5) 


For a G ILe^, we set 

= a(a^)/(aj, = a^a{/ 3 ^) - [ 3 ^, = (7(7^ - 7^ + (2.6) 


e—1 


2=0 


Then we have G Ok^^. Let Art^;^: ^7 JF|^ be the Artin reciprocity map, 

which sends a uniformizer to a lift of the geometric Frobenius element. For a G We^, we 
put Uo- = VE^{ATtff{a)). We have a surjective homomorphism 

©C- —tQxZ; a ^ {g{a„,b„,c„),fn„). (2.7) 

We write for the inflation of by G,^. 

Let (fc'- We^ be the character defined by 0c(c’‘) = c""^. We have the isomorphism 

p® X ~ given by the multiplication. Let Frobp: k^ k^ be the inverse of the 
p-th power map. We consider the following composite: 








pr 2 


01 


A k^ 


Frob® 




We put 


'Tn,C,X,c = Fi,C ® (x ° \) © 4>C and = ^^<3eJK Tn,Q,X,c- 

We will see that t^,x,c is an irreducible representation of Swan conductor 1 in Proposition 

ED 
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2.3 Characterization 


We put 

Qo = b,c) eQ}, F = { 51 ( 1 , 0 , c) e Q I c e Fp}. 

We identify Fp with F by c i-)- g{l, 0, c). 

Lemma 2.2. For any g = g{l^h,c) G Qo with b ^ 0, the map Qo —)■ F; g' [d^d'] is 
surjective. 

Proof. For g{l, bi, Ci),g{l, 62 , C 2 ) G Qo, we have 


[5'(l,&i,Ci),fi'(l,&2,C2)] = S'^ 1 , 0 , ^( 6^"62 - 

i=0 ' 

If 61 7 ^ 0, then 

{h G I + b = 0} ^ Fpe; 62 ^ Kb2 - 

is surjective. The claim follows from the surjectivity of □ 

By this lemma, we can apply a result of Section [T]to our situation with G = Qo, Z = F 
and A = Let denote the unique irreducible representation of Q characterized 

by 

Trr°(^(a,0,0)) = -1 (2.8) 

for a G /rpe+i(fc®''^) \ {!}. We have a decomposition 

T»= 0 L, (2.9) 

X6/2pe + i(fcac)V\{l} 


such that a G /ipe+i(/c'^'^) acts on by x(a). For a positive integer m dividing p® + 1, we 
consider as a subset of /ipe+i(fc®''^)'^ by the dual of the surjection 

Pp'=+l{k^'^) X X ^ . 

We simply write Q for the subgroup Q x {0} C Q x Z. We view xo as a character of Q by 
5 ((a, 6 ,c) H- Xo(a)- 

Lemma 2.3. VFe /iove ^ r°. 

Proof. We can see the claim by Lemma [2.II and fl2.8|) . 

Lemma 2.4. IFe have 

1Vt*.(FV(1)) = Wgi)'Xp 

Proof. By the Lefschetz trace formula, we have 

Trr*.(Fr(l))=-5:Vo(t^)=(-V'(-l)W 

ftsFp lo ifp = 2, 

where we use a result of Gauss at the second equality. □ 


□ 


ifP Y 2 , 

ifp = 2 . 
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We assume p = 2 in this paragraph. We take Bq e F 22 e such that = 1. 

Further, we put 

CO = C+ E 

0<i<j<e—1 

Then we have Cg — cq = &o We put 

9 = (fi'(l,&o,Co), -l). 

Lemma 2.5. We assume that p = 2. Then we have "TiTpQ{g~^) = —2. 

Proof. We note that 




( 2 . 10 ) 


For y G satisfying y'^ + = y, we take Xy G such that x'^ — Xy = We take 

yo G such that y^ + bl" = yo. Then, by the Lefschetz trace formula and fl2.inp . we have 

Trr^o(»“^) = - Y1 ^o(xl-Xy + ^{boyY^+ Co + ^ibl''+y 


y'^+bT=y 


i=0 

e-1 


i=0 


— ~ '00 f {Vo + [boivo + ^)) + Co j — —2, 

zeF2 i=0 ' 

where we change variable hy y = yQ + z ai the second equality, and use 

9r"‘+£(''090)^'=c + E 

at the last equality. 

Proposition 2.6. The representation is characterized by Tp^lq ~ and 

Trr^o(Fr(l)) = {-l)'^p if p 2, 

.Trr^o(g-^) =-2 if P = 2. 

In particular, T,pg does not depend on the choice of I and l. 

Proof. This follows from Lemma 12.31 Lemma 12.41 and Lemma 12.51 


□ 


□ 


3 Representations of general linear algebraic groups 

3.1 Simple supercuspidal representation 

Let 71 be an irreducible supercuspidal representation of GLn{K) over C. Let e(7r, 8,0^^') 
denote the Godement-Jacquet local constant of vr with respect to fjx- We simply write 
e{7i,ipK) for e(7r, 1/2,0i^). By |G,T721 Theorem 3.3 (4)], there exists an integer sw(7r) such 
that 

e( 7 r, s, iPk) = 0, iPk). 

We put Sw(7r) = max{sw(7r), 0}, which we call the Swan conductor of tt. 

Definition 3.1. yin irreducible supercuspidal representation tt of GLn{K) over C is called 
simple supercuspidal, i/Sw(7r) = 1. 









3.2 Construction 


In the following, we construct a smooth representation Tr^vr of GLniK) for each triple 

(C.x.c)eM,_,Wx(.pv,c^ 

Let B C Mn{k) be the subring consisting of upper triangular matrices. Let 3 C MniOx) 
be the inverse image of B under the reduction map t Mn{k). Then is a 

hereditary C^-order (cf. |BK931 (1.1)]). Let ^ denote the Jacobson radical of the order 3. 
We put U^ = l+%iC GLn{OK). We set 

= Cl \') e 'V4(A') and if = A-(v.c). 

Then, is a totally ramified extension of K of degree n. 

We put = n'ifQ and 


(n' + l)/2 
0 


if p" = 2, 
if ^ 2. 


We define a character by 

^C,x,c(</^c) = (-l)""^^^°-^c, Ac,x.c(a;) = x{x) for x G C>^, 
^C,x.c(a^) = {'Ck o tr)(v?^)^(a; - 1)) for x e U^. 


We put 


vrc,x,c = c-Ind^ 


GL^(K) 




A 


C>X>c- 


Then, is a simple supercuspidal representation of GLn{K), and every simple su- 

percuspidal representation is isomorphic to vr^,x,c for a uniquely determined (C, x, c) G 
fiq-i{K) X {k^y X by |IT141 Proposition 1.2]. The representation contains the 
m-simple stratum [j, 1, 0, V3^)j] in the sense of [BH14( 2.1]. 


Proposition 3.2. e(7r^^^^c,'^ii:) = (“!)"■ 


Proof. This follows from |BH99i 6.1 Lemma 2 and 6.3 Proposition 1]. 


□ 


4 Local Langlands correspondence 

Our main theorem is the following: 

Theorem 4.1. The representations vr^,x,c o,nd correspond via the local Langlands cor¬ 
respondence. 

To prove this theorem, we recall a characterization of the local Langlands correspon¬ 
dence for epipelagic representations due to Bushnell-Henniart. The following lemma is a 
special case of jPHSl] Theoreme]. 

Lemma 4.2. (lBHlf\ 2.3 Lemma]) Let r be an irreducible smooth representation ofWx 
such that sw(r) > 1 . Then, there exists Xt,iPk ^ that 

e{x ® r, s, Ck) = x{ 3 T,pK)~^e{T, s, Ck) 

for any tamely ramified character x of Wk- This property determines the coset Xt,iPk^k 
uniquely. 
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Definition 4.3. Let r be an irreducible smooth representation ofWx such that sw(r) > 1. 
We take 'yT,ipK Lemma fj^ We put ysw{t,'iPk) = ItIpk ^ /^K’ which we call the 

refined Swan conductor of t. 


Remark 4.4. We have f (rsw(r,= Sw(r) in Definition \4.3\ 

Lemma 4.5. (cf. \BH99\ l.f Theorem]) Let tt be an irreducible smooth supercuspidal rep¬ 
resentation of GLn{K) such that sw( 7 r) > 1. 

1. There exists G such that 


e(x®7r,s,'0i^) = ^e(7r,s,'0K) 


for any tamely ramified character x of . This property determines the coset 
uniquely. 

2. Let [21, m, 0,a] be a simple stratum contained in tt. Then we have Xn,iiJK = deta 
mod Ufi. 

Proof. This follows from |BH991 6.1 Lemma 2 and (6.1.1)]. □ 

Definition 4.6. Let tt be an irreducible smooth supercuspidal representation of GLn{K) 
such that sw(7r) > 1. We take Xn,i>K os in Lemma \fi^ Then we put rsw(7r,'^j^) = ^ 

/Ufi, which we call the refined Swan conductor of tt. 

Remark 4.7. ITe have n(rsw(7r,= Sw(7r) in Definition \4.6\ 

For an irredncible smooth snpercnspidal representation tt of GLn{K), let Ut^ denote the 
central character of tt. 


Proposition 4.8. (^BHLf, 2.3 Proposition]) Let tt be a simple supercuspidal representa¬ 
tion of GLn{K). The Langlands parameter for tt is characterized as the n-dimensional 
irreducible smooth representation r of Wk satisfying 

(i) det r = 


(ii) = rsw(7r, V’k), 


(Hi) e{T,i>K) = eirr.fjK)- 

We will show that T(^,x,c and vr^,x,c satisfy the conditions of Proposition 14. 8l in Proposition 
17.61 Proposition 19.51 Lemma W7\ and Proposition I1U.7I 


5 Stiefel-Whitney class and discriminant 

5.1 Stiefel-Whitney class 

Let be the Grothendieck gronp of hnite-dimensional real representations of Wk 

over C with finite images. For V G we can define the Fth Stiefel-Whitney class 

Wi(y) G Z/2Z) for f > 0 as in |Del76l (1.3)]. Let 

cl: H^{Gk,'^I2'L) H\Gk,K'') ^ 


where the first map is indnced byZ/2Z—;m—)■(—1)™, and the second isomorphism 
is the invariant map. 

Theorem 5.1. (lDel76 . (1.5) Theoreme]) Assume that V G i?(lLV,M) has dimension 0 
and determinant 1. Then we have 

e{V,TpK) = exp(27r\/^cl(w2(P))). 

In particular, we have eiV^fjK) = 1 i/chiP = 2. 
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5.2 Discriminant 

Let L be a finite separable extension of K. We pnt 

h/K = det(IndL/xl). 

5.2.1 Multiplicative discriminant 

We assnme that chK 7 ^ 2 in this snbsnbsection. We define dn/x G as the 

discriminant of the qnadratic form on L. For a G let {a} G 

H^{Gk,'^/‘2'Z) and Ka G Hom(hFft:, {±1}) be the elements corresponding to a under the 
natural isomorphisms 

~ E^{Gk,'LI‘IL) ~ Hom(Wi^,{±l}). 


We have 

di/iC = ^d^lK (5-1) 

by [S^7M 1.4], For a, 6 G we put 

{a, b} = {a} U {b} G H\Gk, Z/2Z). 


Proposition 5.2. Proposition 6.5]) Let m he the extension degree of L over K. 

We take a generator a of L over K. Let f{x) G K[x] be the minimal polynomial of a. We 
put D = f\a) G L. Then we have 

dL/K = (-1)^^) ^tl/k{D) G 

(TTl \ 

^ j { —15 — 1 } + {di/K, 2} G H^{Gk, Z/2Z). 


5.2.2 Additive discriminant 


We put Pm{x) = x"* — X for any positive integer m. We assume that ch A = 2 in this 
subsubsection. 


Definition 5.3. f\BM85\. Definition 2.7]) Let m he the extension degree of L over K. 
We take the minimal polynomial f{x) G K[x] of a generator of L over K. We have a 
decomposition f[x) = ni<i<m(^ ~ ^de Galois closure of L over K. We put 





QiGj 

(Oi + a j)^ 


e k/p,{k), 


which we call the additive discriminant of L over K. 

Theorem 5.4. (IBM8^ Theoreme 2.7]) Let L' he the subextension of over K corre¬ 
sponding to Ker 6l/k- Then the extension L' over K corresponds to G K/P 2 {K) by 
the Artin-Schreier theory. 


6 Product formula of Deligne-Laumon 

We recall a statement of the product formula of Deligne-Laumon. In this paper, we need 
only the rank one case, which is proved in [Del731 Proposition 10.12.1], but we follow the 
notation in |Lan87] . 
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6.1 Local factor 

We consider a triple (T, cj) which consists of the following: 


• Affine scheme T associated to the ring of integers in a local held Kt of characteristic 
p whose residne held contains k. 

• A constrnctible Q^-sheaf on T. 

• A non-zero meromorphic 1-form a; on T. 


G to the triple as in |Lan87t Theoreme 


Then we can associate J^,u) 

(3.1.5.4)] nsing l. 

Assnme that Kt = k{{t)). Let rj = Spec/c((f)) be the generic point of T with the 
natnral inclnsion j: p ^ T. We dehn a character k{{t)) —)■ by 


T^(a) = (r/>o o Trfc/Fp)(Res(acn)) 

for a G k{{t)). Let be the level of in the sense of |BHn6l 1.7 Dehnition]. We 

dehne an nnramihed character oju- —)■ by for u G (1/2)Z. For a rank 

1 smooth Q^-sheaf V on p corresponding to a character y: Gk{{t)) via l, we have 


( 6 . 1 ) 

by |Lan87t Theoreme (3.1.5.4)(v)], |Tat79( (3.6.2)] and |BHn61 23.1 Proposition (3)]. 


6.2 Product formula 


Let X be a geometrically connected proper smooth cnrve over k of genns g. Let X be a 
constrnctible Q^-sheaf on X. We pnt 


, -1 


e(X,X) = t(^det(-Frobg;i?r(X 0^ fc“,X))' 

where Frobg is a geometric g-th power Frobenins map. Let rk(X) be the generic rank of X. 

Theorem 6.1. (lLau87 , Theoreme (3.2.1.1)]) Let u be a non-zero meromorphic 1-form on 
X. Then we have 


xe\x\ 

where |X| is the set of closed points of X, and X(^x) is the completion of X at x. 

7 Determinant 

Lemma 7.1. = Q/Qq. 

Proof. = {Q/FY^ by Lemma UPH For g(a, 6, c) G Q, let g(a, h) be the image of g{a, b, c) 
in Q/F. Then we have 

g(a, 0)g(a, b)g(a, 0)~Y(a, b)~^ = g(l, (a - 1)6). 

Hence, we have the claim. □ 
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Lemma 7.2. det = Xo- 


Proof. By Lemma mi it suffices to show detr° = xo oii ■ This follows from 

Lemma [2.11 and Lemma [2.31 □ 

For a G k, let (|) denote the quadratic residue symbol of k. 

Lemma 7.3. Let m be a positive integer that is prime to p. We take an m-th root 
of w, and put L = 

1. If m is odd, then 6 l/k is the unramified character satisfying Slik{^) = (^)- 

m _ 

2. If m is even, we have = (^) ^ and 5 l/k{x) = (|) for x G Of^. 

Proof. These are proved in [BF83t (10.1.6)] if chiF = 0. Actually, the same proof works 
also in the positive characteristic case. □ 

For a hnite separable extension L over K and a non-trivial character T: iF ^ C^, let 
A(L/iF, T) denote the Langlands constant (cf. [BHObf 30.4]). 

Lemma 7.4. Let m, m' he positive integers that are prime to p. We take an m-th root 
^i/m Qj Qfid py^f i, = iF(ci7^/"*). Let iF —)■ he a character such that '4 >'k{x) = 

'0o(Trfc/Fp(m'a;)) for x G Ok- Then we have 





P+3 






if m is odd, 
if m is even. 


Proof. If m is odd, we have 


A(L/ii',V« = £(V/A-.V4-) = (^) 

by jHen841 Proposition 2] and Lemma [7.31 1. 

Assume that m is even. Note that p 7 ^ 2 in this case. Then we have d^/K = 
in /{K^y by Proposition 15.21 We have 

e{6L/K,y'K) = q~^ (0^o(Trfc/Fp(m'a;)) = -|\/^ " 

xefcx ^ 


by formulas of Hasse-Davenport and Gauss. Hence, we have 


X{L/K,yy)=e{6L/K,y’K)(-)^ ^ 


m\ 




{dr/K, ‘^)k — V —1 


2±5 / 2mm' 


p 


by [SaiOSl Theorem 11.2B], where ( , )k is, the Hilbert symbol over K. 



f 

□ 


Lemma 7.5. We have 


detr^o(Fr(l)) 


_P+3 

7 - 


/ e 1 
q 2 


ifP y 2, 

ifp = 2 . 
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Proof. Let x be the standard coordinate of A^. Let j be the open immersion P^. 

We pnt t = 1/x. We write j also for the open immersion SpecA;((f)) Spec/c[[t]]. Let 
f : Gk{(t)) be the Artin-Schreier character dehned hj y'^ — y = and -^o- Let 

be the smooth Q^-sheaf on Spec k{{t)) corresponding to ^ via l. Then we have 

detr^o(Fr(l)) = (-If e(Pfc, = {-iyqe^,{k[[f\], jiV^, 

by Theorem 16.11 with u = dx. Since ^ is a ramihed character, we have 


^dt) = “^dt) = q f 

by fib.ip . We have 


by |BHn6( 23.8 Stability theorem], since the level of is p® + 1. Let f: Gfc((s)) —t be the 

Artin-Schreier character dehned hj y^ — y = 1/s. We consider fc((s)) as a snbheld of k{{t)) 
by s = Then ^ is the restriction of ^ to Wk((t))- Hence, we have 


= X{k{{t))/k{{s)), ^s-^ds) dkpt))/k{{s)) (rsw(^, T,-id,))e(^, 

The claim follows from the above eqnalities. Lemma [7.41 and [BH06I (23.6.2) and (23.6.4)]. 

□ 


We simply write for 

Proposition 7.6. We have = detr^^^^c- 

Proof. By |Del731 Proposition 1.2], we have 

dfit = ^^^/ii-(det |rrx • ('^•1) 

Hence, we may assnme y = 1 and c = 1 by twist. Then it suffices to show detr^ = 1. We 
see that det is unramihed by Lemma 12.31 Lemma 17.21 Lemma 17.31 and fl7.ip . 

If p and n' are odd, we have 


det r^(tr^) 



,_£+3 



/n'p® 






(- 1 ) 


p—1 — 1 

2 2 



1 


by fl7.ip . Lemma 17^ 1 and Lemma [731 We see that detr^(tt7) = 1 similarly also in the 
other case using fl7.ip , Lemma 17.31 and Lemma 17.51 □ 


8 Imprimitive field 

8.1 Construction of character 

Let Co be the positive integer such that cq G 2^ and e/eo is odd. 
Lemma 8.1. Assume p f 2. Then we have Tr (Fr(2eo)) = 
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( 8 . 1 ) 


Proof. For a G and b G Fp 2 eo such that — a = we have that 

By fl8.ll) and the Lefschetz trace formula, we see that 

Tr (Fr(2eo)) = - (V’o o Trp^eo/ fJ (Trp^^eo/ f^^o (6^"°+^)) 

6eF^2eo 

= -1 - + 1) (V'o o TrF^eo/Fj(x) = p"° 

using (p® + — 1) = + 1. □ 

Let 77-0 be the biggest integer such that 2”'° divides p'^° + 1. We take r G such that 
r2"° = — 1. We define a subgroup i?o of Qo by 

Ro = { 5 f(l, b, c) e Qo \ R"" - rb = 0}. 


Lemma 8.2. 1 . If p ^ 2 , the action o/ 2 eoZ C Z on Q stabilizes Rq- 
2. If p = 2, the action of g on Q x Z by the conjugation stabilizes Rq. 

Proof. The first claim follows from = 1 . We can see the second claim easily using 

dsni). □ 

We put 

W _ fQo x (2eoZ), ^ _ fi?o X (2eoZ) if p 7 ^ 2, 

^“\QoxZ, ~\Ro-{9) ifp = 2 

as subgroups of Q x Z, which are well-defined by Lemma 18.21 We are going to construct a 

O' 

character of R in this subsection. Then, we will show that Tnlq' — Ind^ in the next 
subsection. 

First, we consider the case where p is odd. We define a homomorphism : i? —)■ by 


0„((p(l,6,c),O)) ='0o('c-for ^(1, 6, c) G i?o, 

^ i =0 2 

04 Fr( 2 eo)) = (- 1 )"'^“^. 

Then extends the character -00 of F. 

Next, we consider the case where p = 2. We define a group Rq as 

Rq = |5'(&, C) 6 G F 2 , C G F22e, — c = foj 

with the multiplication given by 


Cl) • g{b2, C 2 ) — g{bi + 62 , ci -I- C 2 -I- bib2). 


We define 4>: Rq ^ Rq hj 


0(p(l,&,c)) = g 


|^TrF2e/F2(&),c + 



for 51(1,6,0) G Fq. 
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Let F' be the kernel of the homomorphism 


F2e —)■ F2; C I—)■ Tr]F2e/F2 ((^0 + ^0 )'^) • 

We put i?o = where we consider F' as a subgroup of i?o by c 1 —)■ ( 7 ( 0 , c). Then Rq is 

a cyclic group of order 4. We write g{b, c) for the image of g{b, c) G Rq under the projection 
Rq —)■ Rq. Let 0': Rq ^ Rq be the composite of 0 and the projection Rq — )■ Rq. We put 

^ = t = bo + bl\ 

i=0 

Let ' 00 - R'o be the faithful character satisfying 

^ ^ 0<i<j<e-l ^ ' 


We dehne a homomorphism : i? —)■ by 


(j)n{{g{l,b,c),0)) = {'ijjoo (j)'){g{l,b,c)) for g{l,b,c) e Ro, 


, . X , liiiiiiH) — 1/2 + 

Ma) = (-1) « -^-• 


Then extends the character i/jq of F. 


8.2 Induction of character 

Lemma 8.3. We have r^lg/ ~ Ind^ 

Proof. We know that Tnlqo — First, we consider the case where p is odd. The 

claim for general / follows from the claim for / = 1 by the restriction. Hence, we may 
assume that / = 1. We have a decomposition 

wIro = ^ ( 8 - 2 ) 

b6i?j',blF=bo 

We write 'ipn for 0n|j?o- Ro = {b ^ \ IP'' — rb = Q}. The '0„-component in 

fl8.2p is the unique component that is stable by the action of (( 7 ( 1 , 0, 0), 2eo), since the 
homomorphism 

Ro ^Ro; b^ - b 

is an isomorphism. Hence, we have a non-trivial homomorphism 4>n ^ Tnlnhy Lemma [8.11 
Therefore we obtain the claim. 

Next we consider the case where p = 2. Then it suffices to show that 

Tr(Indg'(/.0(9-') = 

by Lemma [2.51 We have a decomposition 

(Ind^ 0n)Uo = ^ (8-3) 

4>eRQ ,(P\f='4>o 
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Let 'i/'n be the twist of ijjn by the character 


5'(1, c) !-)■'^o(TrF2e/F2(^))- 

Then only the 'i/'n-component and the 'i/'n-component in fl8.2p are stable by the action of 
( 5 f(l, 605 Co), 1 ), since the image of the homomorphism 

F2e —)■ F2e; b iP' — b 

is eqnal to Ker Tr]F 2 e/F 2 - The action of Fr(e) permntes the component and the 
component. Hence, g acts on the V’n'Component by 4>n{g) times 

0„(^Fr(e)"^c/Fr(e)g"^) = (j)n((^g{l,t,Co + CQ + o)) = V^- 

i=0 ' 

Hence we have 

Tr(Ind2 = (l - 


□ 


We set = EQ{a(^), = Tq{(3(;) and Nq = Let /o be the positive integer snch 

that /o G 2^ and ///o is odd. We put 


N 


2 eo//o if p 7 ^ 2 and/o I 2 eo, 

1 otherwise. 


Let be the maximal unramihed extension of K in Let K'^ C be the unramihed 
extension of degree N over K. Let be the residue field of For a finite field extension 
L of iF in we write for the composite field of L and in K^. For a G we 
write a G Ok'^v for the Teichmiiller lift of a. We put 

A' = /if p ^ 2 , 

^ Vr - /^c + Tfzl ^o^ 1 1 if P = 2. 

Then we have 5'^ — + Si mod We take G T^{b'^) such that 

Sf - r~^6Q = + £ 1 , mod Pt^( 5 '^)- (8.4) 


We put M'^ = T“((5^). Let ^nx- be the composite of the restrictions 0<^|w;^/u 

and (/>n|_R- By the local class held theory, we regard ^nx as a character of . 

Proposition 8.4. We have r„ 7 |wj,u — IndM'“/T“'Cn,c- 

Proof. This follows from Proposition 18.31 □ 


Since r, 


nX\Wj<u 


is not primitive as in Proposition 18.41 we call TL an imprimitive held. 


Remark 8.5. Our imprimitive field is different from that in fBHlf, 5.1], In our case, 
need not he normal over K. This choice is technically important in our proof of the main 
result. 
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8.3 Study of character 

Assume that chK = p and / = 1 in this subsection. 


8.3.1 Odd case 

Assume p 2 in this subsubsection. We put 

1 


e-l 


= 7c + ^ 


2 

i=0 


Then we have 


;3r« - iwr+ 

We put Let be the twist of in,c, by the character 

Wm'u (-1)”'^'^. 

Lemma 8.6. If p ^ 2, then factors through Gdl{N'f^/M'f^). 

Proof. Let a G Ker^^^^. Then we have g{arj,ba,Ca) G Rq and 

Ca-^^irbiy = 0 . 

i=0 

Hence, we see that 

a(0^) -e^ = c„- ^{rb^il3(; + b^)Y + ^ ^(r((/3c + KY - Yl))^ 


i=0 
e-l 


i=0 


= C, 




i=0 


by fl2.6p . This implies the claim. 

8.3.2 Even case 

Assume p = 2 in this subsubsection. Let be the twist of fn,( by the character 




e—1 


We take 6i, &2 £ such that 

bl-bi = s, bl-b 2 =t(^bl + '^{bis) 

We put 

e-l 

:)2®+2J 


i=0 


= + 7c = 7c+ Pi , 

i=0 0<i<j<e—l 

e[ = ^{tYY+ + Y ++blr]^ + b2. 

i=0 0<j<i<e—l 


□ 
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Lemma 8.7. We have — r}Q = and 6'^ ~ ^ ■ 

Proof. We can check the first claim easily. We show the second claim. We have 

e-l 

P^iid = iPl" - k) E + '3? = (■’c - ")(’'< - ‘i) + («-5) 

i=0 

Hence, we have 

e—1 

^2e(7c) = 

i=0 

We obtain 

0'^ — 0'^ = ~ ^)iV(: ~ bi)} + he + ^i| + (<^c7c)^ + 6i5e + She 

i=0 ' 

e-l 

-1 '^{^cve + + svef' + tve + hl-b2 = (5ehe)^"~' 

i=0 

nsing 08.61) and 77 ^ — T^e = ^e- ^ 

We take he ^ snch that h^ = \ Then we have h^ — he = hehe- 

Lemma 8.8. The character ^ factors through G3l{N'f'/M'f^). 

Proof. Let a G Ker.^^^- We take ai,cr 2 G Ker,^^e snch that a = cxi G and 

0e(‘^2) = (h(l) ^ 0 , Co), —1). Here Im'^ denotes the inertia snbgronp of Wm'^- Then we have 
h(ncri: , C(jj) G TZq, Trjp^e/F 2 (^o"! ) 0 and 

TV,,./,T((c,. + 5^ sey))=0. (8.7) 

It snffices to show that (Ti{r](f) = r^e and (Ti{6'^) = h^ for i = 1, 2. 

The eqnalities cri{r](f) = pe for * = 1, 2 follow from Tr]f 2 e/F 2 (/So-i) = 0 and s = h\ — hi. By 
02.6p and TrF2e/F2(/9cri) = 0, we have 

<^i(7<)-7c+ E h(/3c)“'*^'-/3T'')=7..+ E 

0<i<j<e—1 0<i<j<e—1 

This and 08.7p implies o-i(he) = h^. 

It remains to show (72(h^) = h^. Using 08.51) . we see that 

^(f70^'=7e+ 5^ {ik - ^)iVc - ■ (8-8) 

2=0 1 0<2<j<e—1 

We pnt 7e = 7c + Z]i<j<j<e-i • Then we have 

^■ 2 ( 7^0 “ 7c = oo + s^(hc - &i) + ^ hl~^‘^ + ^ hg 

0<2<j<e—1 

= s^(pc - hi) + ho'" + s^ + hot + (s - ho)(l “ 0 = s^hc + his^ + st. 
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Hence, ct 2 {S[) — 6*^ can be written as X/z=o ^^'^0 ’'^^ere di G We have 

e—1 e—1 

do = + St + t + hiS + ^2 ~ ^2 = 0. 

i=l 1=1 

This implies cr 2 (d^) = 9'^, since we know that <J2{9'^ — 6*^ G F 2 by Lemma [8.71 □ 


9 Refined Swan conductor 


Let K C -ft'”'’ be the unramihed extension of .ft'” generated by /ip4pe_i(-ft'”''). For a hnite 
held e^ensioiy^ of K in we write L for the ccmposite held of L and K in We 
write for M'^. Then is a Galois extension of For a hnite Galois extension E/F 
of non-archimedean local helds, let V’.b/f denote the inverse Herbrand function oi E /and 
Gal(.ft/F)i denote the lower numbering i-th ramihcation subgroup of Gal(.ft/.F) for i > 0. 


Lemma 9.1. 1. ITe have 


{ V ifv<l, 

p\v-l) + l ifl<v<2, 

pe+i(,y _ 2) _|_ _|_ 1 if2<v. 

2. We have _ _ 

Ga\{NjM'^)i = \ Gal(iV^/Mc) */ 2 < i < p" + 1, 

[{1} ifp^ + 2<i. 

Proof. We easily see that 




V if n < 1, 

p®(n — 1) + 1 if n > 1, 


V 

p{v — p^ — 1) + p^ + 1 


if n < p® + 1, 
if n > p*^ + 1. 


(9.1) 


Hence, the claim 1 follows from ° claim 2 follows from the 

claim 1 and Gal(iV<^/M^)pe+i d Gal(iV^/Mjp.+i = Gal(ivjM^). □ 

We set and ^ 0 ^^ = Then the elements 

and are uniformizers of and N(^ respectively. Let k be the residue held of K. 

Lemma 9.2. We have a commutative diagram 


0--Gal(iV^/M^) 

0-^Fp- 




p 



I 

k 
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and each row is exact, where the maps i and P are given by a i—)■ and x i—)■ 

r[x^ — x) respectively, and the vertical maps are given by 


Gal(iV<;/M^) -)■ Fp; a H- £1(7^) - 7c, 

Proof. The exactness follows from |Ser681 V, §6, Proposition 9] and Lemma [9.11 We have 
i{a) = 7c(^(7c)“^ = 1 - (f^(7c) “ 7c)7c"^ = 1 “ (f^(7c) “ mod 

for a G Gal(A^c/^c)- Hence, the hrst commntativity follows. We take (3'^ G Me snch that 

- r(3'^ = 5c, /^c = Pm7 

Then we have Me = The norm maps and indnee 

^ v'sfKf’ 1 += 1 + “^7 ^ 1 + («' - 
^ ^hph.^ 1 + “-Sr = 1 + ^ 1 - 

respectively. Hence, the second commntativity follows. 

For any finite extension M of K, we write ipM fm the composite ijjK ° 

Lemma 9.3. We/iave rsw(^ji^clm^/u, V’at''^) = mod G^,u. 

Proof. We pnt ^„^c = ^n,clwjj,, and regard it as a character of M'^. By fl2.7p . the restriction 
of ^ri,Q to U—, is given by the composite 


Mr 


□ 




ho. 7V>< 


where the second isomorphism is the reciprocity map 82 in the notation of |Ser681 XV, §3, 
Proposition 4]. We note that onr normalization of the Artin reciprocity map is inverse to 
that in |Ser681 XIII, §4]. By Lemma [9.21 and the constrnction of the map 82 in |Ser68[ XV, 
§2, Proposition 3], we have 


£„,{(! + 'urosjv) = ,/>o o Ti'j/F/f “) 


(9.2) 


for u G 0^1. Since we have Tr^,^.p^(5^ ^u) = —r for u G O^,, we obtain 


^n,c(l+ x) = 8^ x) 


for X G p~, by fl9.2|) . This implies 


^„,c(l + x) = ^ 8 f^^x) 


(9.3) 


for X G p^/u, becanse Tr^^^^: fc —)■ is snrjective. The claim follows from fl9.3p and 

[BH06[ 23.8 Stability theorem]. □ 
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Lemma 9.4. We have rsw(r„_^_^_c 5 


Proof. By |BH061 48.1 Theorem (2)], we may assume that x = 1 cind c = 1. By Proposition 
18.41 and Lemma 19.31 we have 

Tsw{Tnx\wTU,fjT^) = NrM'vr-(rsw(^„,^, = n'^p'^ mod (9.4) 

Since is a tamely ramihed extension of E(^, we have 

rsw(r„,^, = rsw(r„,^|vyj,u,mod (9.5) 

by [BH061 48.1 Theorem (3)]. The claim follows from fl9.4p and fl9.5p . □ 

Proposition 9.5. VTe have ■ 

Proof By = lndEjKTn,(:,x,c, we have 

I-Sw(r^,;^,c,V’ic) = ^^EJK{^Sw{TnX,x,c,i^E^)) ■ (9.6) 

Hence, the claim follows from Lemma 14.51 and Lemma 19.41 □ 

Lemma 9.6. VTe have Sw(r^^^^c) = 1- 

Proof. This follows from Lemma 19.41 and fl9.6p . □ 

Lemma 9.7. The representation T(^,x,c irreducible. 

Proof. We know that the restriction of Tn^(^x,c fo the wild inertia subgroup of We^ is irre¬ 
ducible by Lemma [2.31 Assume that t^,x,c is not irreducible. Then we have an irreducible 
factor t' of t^,x,c such that Sw(r') = 0, by Lemma and the additivity of Sw. Then, the 
restriction of r' to the wild inertia subgroup of Wk is trivial by Sw(r') = 0. On the other 
hand, we have an injective morphism '^'\we(^ dy the Frobenius reciprocity. This 

is a contradiction. □ 

Proposition 9.8. The representation t^,x,c 'is irreducible of Swan conductor 1. 

Proof. This follows from Lemma 19.61 and Lemma 19.71 □ 

10 Epsilon factor 

10.1 Reduction to special cases 

Proposition 10.1. Let M be a finite extension of K, and M' be a tamely ramified finite 
extension of M. Let Pm denote the wild inertia subgroup ofWM- Let r be a finite dimen¬ 
sional smooth representation ofWM such that t\p^ is irreducible and non-trivial. Then we 
have 

= A(M7M, V’M)"'^‘“^^M7Ar(rsw(r,^/>M))e(r,V'M)^^''^'- 

Proof. This is proved by the same arguments as [BH061 48.3 Proposition]. □ 
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Lemma 10.2. We have 


(4) if n' is odd, 

\{EJK,'iIjk) = { ^+3 , w 

^ }' Vn' ■ 


IS even, 






(^) ^fp = ‘2. 

Proof. We have 

MT^/E(,-i>E,) = A(Tj7£:j',^Ej)A(£'j7B(,V>Et)'’‘+' = A(T7B5“, V>ej). 
The claims follow from this and Lemma m 
Lemma 10.3. We have 


□ 





if p = 2 and e <2, 
otherwise. 


Proof. Let iL(o) and iL(p) be non-archimedean local helds of characteristic 0 and p respec¬ 
tively. Assnme that the residue fields of iL(o) and iL(p) are isomorphic to k. We take 
uniformizers W(q) and W(j,) of iL(o) and iL(p) respectively. We dehne T'^(o) similarly as 
starting from A'(o)- We use similar notations also for other objects in the characteristic zero 
side and the positive characteristic side. We have the isomorphism 






/Pt’u i T £i 'CU'T'^ I —y ifn T '6i 


of algebras, where ^ k. Hence, it suffices to show the claim in one of the charac¬ 

teristic zero side and the positive characteristic side by |Del841 Proposition 3.7.1], since 

'cmWW = 1 = 1. 

First, we consider the case where p 2. Then, we have dM'^/r^ = f by Proposition 15.21 
Hence, we have X{M'f^= (^) by |Hen84t Proposition 2]. 

We consider the case where p = 2. Assume that e > 3 and ch iP = 0. Then we have 


Gal(Af7,, 


X{MlX/T^,7pT^) — e(IndM^“/T“ 1, V’r^) — 1 
by Theorem 15.11 and Proposition 15.21 

Assume that e = 2 and chiP = 2. Then we see that = 1 by Definition 15.31 

Hence, is the unramified character satisfying = (—1)'^ by Theorem 

15.41 Then we see that 

X{M'f^/T^,'ipT^) = e(IndM'“/T“ = (“1)'^) 

where we use Theorem 15.11 at the second equality. 

If e = 1, then we have 

by [BH061 (23.6.2) and (23.6.4)] and |Ser681 XV, §3, Proposition 4], where is the 

quadratic character associated to the extension M'f^ over T^. □ 
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Lemma 10.4. We have 




0 if ^ < i < — ‘2, 

r~^{p'^ — 1) if i = p^ — 1. 


Proof. Vanishing for I < i < p^ — 2 follows from fl8.4p . We have also 


TrM''^/r^i^(<^^ — Tr^^u/j-u ^ ^ + ^i) j ^ ~ 1) 

by ([H3D. □ 

Lemma 10.5. We have 

= >/p = 2. 

Proof, li p = 2, the claim follows from Lemma 17.31 1 and Lemma 19.41 since T“ is totally 
ramihed over E^. 

Assume that p ^ 2. Then we have by Proposition 15.21 Hence, 

we have = 1- Therefore, we have 


p^ —1 

(i’S'w(r„^^,V’ e^)) = hT^/E^ip'p'Q) = /E'iip'{—1) 2 ) = 


n'(-l)'^ 

Tv 


= 1 


by |Del731 Proposition 1.2] and Lemma [9.41 


□ 


Lemma 10.6. Assume that n = p^. Then we have = e(7r,^,x,c, t/’ic) mod ppe(C). 

Proof. Let vr be the representation of GLn{K) corresponding to r^,x,c by the local Langlands 
correspondence. By the proof of [BH14] 2.2 Proposition], Proposition 17.61 and Proposition 
19.51 we have vr ~ A for a character A: which coincides with 

on K^Uj. Then, the claim follows from |BH14] 2.2 Lemma (1)], because L^Uf/{K^Uf) is 
the cyclic group of order p®. □ 


Proposition 10.7. fPe have = e(7r^,x,c) V'x)- 

Proof. By Proposition 13.21 and t^,x,c — Tnx,x,c, h suffices to show that 

By Lemma 19.41 we may assume x = 1 cind c = 1. By fl2.4|l , Lemma 19.41 and Lemma 110.21 
we may assume that n = p®. By Lemma [10.21 and Lemma [10.61 it suffices to show that 


e(T .. i/>F = P >tp/2, 


By Proposition llO.il we have 

= 5T^/E^{'rSw{TnX,f’E^)) e(rn,^ | , V’T“) • 

By this. Lemma 110.21 and Lemma 110.51 it suffices to show that 

.fp = 2. 

This follows from Lemma 110.31 and Proposition 110.81 


□ 
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Proposition 10.8. Assume that n = p®. Then we have 




(_l)i+£o/ ifp = 2. 


Proof. First, we reduce the problem to the positive characteristic case. Assume that chK = 
0. Take a positive characteristic local field whose residue field is isomorphic to k. We 
define similarly as M'ff starting from A'(p). We use similar notations also for other 

objects in the positive characteristic side. Then we have an isomorphism 

C’m;" VPm'u , ■Co + ■Co + 

sAPi Cap) C '^Ap) CAp) C 

of algebras, where ^i, ^ 2 , Ca £ k. Hence, the problem is reduced to the positive characteristic 
case by [Del841 Proposition 3.7.1]. 

We may assume K = ¥g{{t)). We put iF(i) = Fp((t)). We define similarly as M'f^ 

starting from 77(1). We use similar notations also for other objects in the 77(i)-case. We put 
/' = [M'f^ : We have (rsw(^„,^,(i),by Lemma ESI We 

have = 1, since the level of is 2 — p® by Lemma [10.41 Then, 

we obtain 

= (-1)^'"A(^„,^,(i),V'm'“j,)^' (10.1) 

by Proposition IIU.II By fllO.ll) . the problem is reduced to the case where / = 1. In this 
case, the claim follows from Lemma 110.121 and Lemma 110.161 □ 


10.2 Special cases 

We assume that n = p®, ch77 = p and / = 1 in this subsection. 

10.2.1 Odd case 

Assume that p 7 ^ 2 in this subsubsection. 

Lemma 10.9. ITe have ^^(1 + xwm'^)) = 1 for x G k^- 

Proof. For x G /cat, we have 

V'M'-(-(5f'^^(l + a;G7M'A) =+ a:)) = 

because TrM''^/j'u(5^) = 0. If p*^ 7 ^ 3, then we have the claim, because TrM''^/j'u((5^) = 0. 

We assume that p® = 3. Then we have 

= 'ipT^{-2r-^) = V'o(Trfc^/F^(-2r-2)) = i/;o(-A^ TrF^2/Fp(’^"^)) = 1, 

by TrM''^/j'u((5^) = 2r~^ and = — 1 . □ 

Lemma 10.10. IFe have 

NrArm/M''^(l + x9^'^ vum'^) = 1 + (- 2 r)^ x^wm'^ + mod 

for X G /cat. 
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Proof. We put T = 1 + By 9^ — 9(^ = (—2r) we have 

p-i 

Substituting this to x~^{T — 1)5^ ~ ^ have 

(T^ — 2T + 1 — ^ (T — 1) — (—2r)^ x'^wm'^ = 0. 

The claim follows from this. □ 

Lemma 10.11. ITe have 

xEfciv 

Proof. We note that the left hand side of the claim does not change even if we replace fn,(^ 
by By Lemma [8.61 and Lemma [10.101 we have 

Y1 C,c(l + (-2r) 

x&kff xgfejv 

= E (i - Yk') ' = ^ {-pPf ■ (“'2) 

x&kjf x&kjf 


where we use fl9.3p at the last equality. The last expression in fll0.2p is equal to 

Y V'r-(-(2r)-i(p" _ ^^^2^ _ V>o(Trfc^/F^(ra:2)) = -((-1)"^^)'° (^) 

x£kN xGk^ 

by Lemma [10.41 

Lemma 10.12. ITe have e{fnxYM'^) = —(—1) ^ ° . 

Proof. We have 

xGk^ 

by [BH06[ (23.6.2) and 23.6 Proposition], Lemma [10.91 and Lemma [10.111 Since 

P ^ 1 — p 

NrAr'u/^/u(6'|, ^ wm'^) = (—2r) 2 wm'^-, 

we have 

Thus, we have the claim. 


□ 


□ 
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10.2.2 Even case 

Assume that p = 2 in this subsubsection. 

Lemma 10.13. We have Wm'^/= 0 and 


TrM'Vi^(5f) = 

[0 zfe>2. 

Proof. These follow from <5^'" — 6^ = + 1 and Lemma [10.121 □ 

Lemma 10.14. ITe have Nr7v'u/M''^(^c'^^^) ~ 

Proof. This follows from df — 0( = hQrjQ and ~ Vc ~ ^C- ^ 

Lemma 10.15. The value C,c(^ + ^'independent of n. 

Proof. We take a G /m'“ such that 0(;(o') = ((^(l, f, s^), O). Then it suffices to show that 
^iVc) ~ V( = ^ o'(d^) — = Pc,- We can check the hrst equality easily. To show the 

second equality, it suffices to show that cr(6*^) — = Pc' ■ We have 

(^(7^ - 7^ he - + Y1 • 

0<i<J<e-l 

Hence, by 08.81) and the definition of 6*^, we can write cr{9'^) — 9'^ as Yli=o diPc, where 
di e By flgTS]) . we have 

do = 6, + s2+ ^ ^ +hl = s + s^ + t = t). 

0<i<i<e-l l<*<i<e-l 


This implies ct(6*^) — 9'(- = p^ \ since we know that <j{9'(-) — 9'^ — p‘^‘' ^ E F 2 by Lemma ISTI 
and cr{pc) — Pc = I- □ 

Lemma 10.16. ITe have 




nfe = l, 
ife>2. 


Proof. By jBHn6[ (23.6.2) and (23.6.4)], 09.3p . Lemma [10.41 Lemma [10.131 and Lemma 
110.141 we have 


^ X ]"^^(1 + ^)) "^^(1 + a ;(5^ ^)) 

X&2 

^ h'hl-&,<(! +y')7 ife=l. 
p-qi + Cyi+y')-') ife>2. 


(10.3) 


By Lemma [10.151 it suffices to show the claim in the case e = 1. Assume that e = 1. Then 
we know the equality in the claim modulo /i 2 (C) by Lemma [10.61 Hence it suffices to show 
the equality of the real parts. This follows from O10.3p . □ 
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A Realization in cohomology of Artin-Schreier variety 

We realize in the cohomology of an Artin-Schreier variety. Let z /„_2 be the quadratic 


form on ALc^ dehned by 


2— 2 ((|/i)l<i<n—2) ! ^ ^ UiUj- 


n' 

Let X be the smooth affine variety over dehned by 

- X = -h i^n-2{{yi)i<i<n-2) in A; 

We dehne a right action of Q x Z on X by 

e —1 


n 

^ac • 


(^5 V: (|/i)l<i<n—2 )(^(a,6,c),0) = ix + ^{byy' + c,a{y+ b^ ),{a 2 yi)i<i<n- 2 j, 

h i =0 

{x, y, (yi) l<i<n— 2) Fr(i) = {yf)i<i<n-2)- 

We consider the morphism 

'^n-2- A^ac^ —)■ A^ac; {y, {yi)l<i<n-2) y^ + J^n-2{{yi)l<i<n-2) ■ 

Then we have a decomposition 


yeFv\{i} 

as Q X Z representations. Let pn be the representation over C of Q x Z dehned by 

rn—l/iyn—l * '• ' ^ 


(A.l) 




and t, where means the twist by the character {g{a,b, c),m) i)/2. 


Lemma A.l. If p y 2, then we have det z /„_2 = —(—2n')” G Fp/(F, 


Proof. This is an easy calculation. 

Proposition A.2. We have Tn — Pn- 

Proof. Let Y be the smooth affine variety over dehned by 

XP -X = l2n-2{{yi)l<i<n-2) in A^T^ 
We dehne a right action of Q x Z on V by 


□ 


p^ + 1 

X, {yi)i<i<n-2){g{a,b,c),0) = {x,{a~yi)i<i<n-2), 

(^7 (^yi)l<i<n—2 ) Fr(l) = {xP, (l/f)l<i<n- 2 ). 

Using the action of Q x Z on U, we can dehne an action of Q x Z on p'n- 2 ^Po)- 

Then we have 


Hf-yAlzy, K-2 ^Po) = i^cXA^ac, 0 H:-\A17/, 


(A.2) 



by the Kunneth formula, where the isomorphism is compatible with the actions of Q xi Z. 
By flA.2D . it suffices to show the action of Q x Z on 


is equal to the character fl2.4p via i. 

First, consider the case where p 7 ^ 2. The coincidence of the actions of Q follows from 
|DL981 Lemma 2.2.3], We have 



by Lemma lA.ll The coincidence of the actions of Fr(l) G Q x Z follows from |Del77 
Sommes trig. Scholie 1.9] and flA.3p . 

If p = 2, the coincidence follows from |IT13l Proposition 4.5] and = (— 
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